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Dynamic Finite-Element Method of Thin-Walled Beams

Zongfen Zhang* and Suhuan Ghent
Jilin University of Technology, Chungchun, China

This paper presents the dynamic finite-element method for thin-walled beams with constrained torsional
vibration. Based on the differential equation for torsional vibration, which includes the effect of cross-sectional
warping, the shape functions are determined and, in turn, the frequency-dependent mass and stiffness matrices
are derived. As an application of the dynamic finite-element method, a numerical example is presented. The
results show that this method gives more accurate results in the high-frequency range than those obtained by the
static finite-element method.
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Nomenclature
shape function
modulus of elasticity
indicating element
modulus of rigidity (or shear modulus)
polar moment of inertia of cross section
torsional constant
warping constant
stiffness matrix
mass density
mass matrix
kinetic energy
eigenvector
displacement vector
velocity vector
potential energy
angle of twist of beam at any cross section
eigenvalue
Poisson ratio
natural frequency
d/djc
d2/d*2

= d2/dt2

Introduction

THIN- WALLED beams are widely used in a broad range of
structural applications such as automobile and aircraft

frames. Studies involving static or dynamic calculations of
thin-walled beams have been completed by many authors,
including Gere,1 Bathe and Chaudhary,2 and George.3 The
common features of these studies are that the static displace-
ment interpolation functions are used for the dynamic analysis
and that the eigenvalues obtained using the corresponding
mass and stiffness matrices are unreliable in the high-fre-
quency range. In order to improve accuracy, we have to aban-
don the traditional static displacement interpolation ap-
proach. Based on the motion equation of an element, we
construct displacement interpolating functions that are depen-
dent on the unknown frequency. This method, called the
dynamic finite-element method, yields upon further calcula-
tion the dynamic mass and stiffness matrices. In order to
avoid complicated calculations, we assume that the displace-
ment can be expressed as an ascending power series of the
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unknown frequency.4 This approach has been used in the
derivation of dynamic mass and stiffness matrices for bars,
beams, and plates in the past. However, the present work is
the first to present dynamic mass and stiffness matrices for
thin-walled beams with constrained torsional vibration. The
validity of the present approach has been illustrated by way of
an example problem. The results show that the dynamic finite-
element method is highly accurate.

Differential Equation of Thin-Walled Beams with
Constrained Torsional Vibration

The differential equation for free torsional vibrations of
thin-walled open or closed cross-section beams is

(1)

where
GJk

=!-/*//,

l-o2

for open cross section

for closed cross section

Assume that

where

a =

(2)

(3)

(4)

Also, M/, / = 1, 2, 3, 4 are the end displacements of the beam
shown in Fig. 1. Substituting Eqs. (3) and (4) into Eq. (2), one
gets

0 = £ Oj^qe^ (5)

Note that for simplicity we define a = [a\, a2, #3, #4]- Substitut-
ing Eq. (5) into Eq. (1), we obtain

* - p2 a^ + 2qei(* = 0 (6)

The coefficients of the same powers of co in Eq. (6) must be
zero; therefore, we obtain

(7)
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Fig. 1 The end displacements of a beam with constrained torsional
vibrations.

0 (8a)

P2a0 (8b)

Equations (7) and (8) can be integrated directly. The first
vector a0 is then used to satisfy the boundary conditions; i.e.,
6 = MI and 6' = u2 at x = 0, 6 = u3 and 0' = w4 at x = 1, while
the remaining vectors a\, a2, a3, . . . must all vanish at x = 0
and x = 1. The general solution of Eq. (7) is as follows:

aQ(x) = F! + F2x + F3Shkx + F4Chkx (9)

Requiring that Eq. (9) satisfy the boundary conditions yields

= 0,

Ui = 0 (lOa)

a03(0) = 0, aosO) = l , - r Uo = 0, - (lOc)

= 0, ao4(D = 0, I, = 0 = 0, Ui = l OOd)

Substituting Eq. (9) into Eqs. (10), the coefficients in Eq. (9)
can be found as follows:

A/S, F2(l) = - KShkl/s, F3(l) = Shkl,

F4(\) = B/S (lla)

Ft(2) = D/K/S, F2(2) = B/S, F3(2) = A/K/S,

F4(2)= -D/K/S (lib)

F,(3) = B/S, F2(3) = KShkl/S, F3(3) = - S/zA://S,

F4(3)= -B/S (lie)

F^4) = H/K/S, F2(4) = B/S, F3(4) = - B/K/S,

F4(4)= -H/K/S (lid)
where

5 = /T/S/zA:/ - 2CAA:/ + 2

,4 = ^/S/zA:/ - Chkl + 1

£ = 1 - Chkl

D = klChkl - Shkl

H=Shkl-kl

As #! must vanish at x = 0 and x = 1, it follows from Eqs. (8)
that

a^O (12)

In order to avoid tedious algebraic manipulation, the fol-
lowing procedure is adopted to solve Eq. (8b). From Eq. (9),
the solution can be expressed as

tfo/ = f\(i) + F2(0* + F3(i)Shkx + F4(i)Chkx (13)

where / = 1,2,3,4. Substituting

Shkx= (ekx-e-kx)/2, Chkx= (ekx + e~kx)/2

into Eq. (13) gives

(14)(F4(i)-F3(i)]e-kx/2

Finally, substituting Eq. (14) into Eq. (8b) and integrating Eq.
(8b) leads to

F6(i)x + F7(/)jc2 + F8(/)x3 + F9(i)ekx

where

F6(0 =

F 7 ( / )= -P
2F{(i)/K2/2

F8( / )= -p2F2(i)/K2/6

(15)

(16a)

(16b)

(16c)

(16d)

(/) = -P2[F3(/) +F4(/)]/AT4/2-hC3(/) (16e)

2[^4(0 -F3(/)]/^4/2 + C4(i) (160

FII(I) =P2[F4(/) -F3(/)]/#V2 (16g)

F12(0 = -P2[F4(/) -F3(/)]/#V4 (16h)

and where

C3(i) =/?2(2-A:/)[F3(/) +F4(/)]/A:4/4 (17a)

C4(i) =P2(2 + */)[F4(/) -F3(/)]/^V4 (17b)

Q ( / ) = -C3(i) -C4(i) (17c)

C2(i)=KC4(i) -kC3(i) (17d)

Using Eqs. (11-J7), a0 and a2 can be easily calculated on a
digital computer.

Dynamic Mass and Stiffness Matrices
This section presents the calculation of the element mass

and stiffness matrices. From the theory of constrained tor-
sional vibration, the element kinetic energy is

(18)

(19)

T(t)e = l/2 \ mlp62dx

Substituting Eq. (2) into Eq. (18), we obtain

T(t)e = aUdr
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which in turn can be written as

T(t)e= ! (20)

Comparing Eq. (19) with Eq. (20), we note that the element
mass matrix is

Me= m!pffTadx
Jo

(21)

The calculation proceeds by substituting Eq. (3) into Eq. (21)
to yield

0 • 2 . . . o \4*£*f

where

la^ dx (23)

(24)

From the theory of constrained torsional vibration, the ele-
ment potential energy is

M| = mlp(ala2 + afro) dx

Y(t) e f 1
= EJu (0")2 dxr/2 + GJk

Jo J
(0")2 dxr/2 + GJk (0')2 dx/2 (25)

Substituting Eq. (2) into Eq. (25), we obtain

Ur(affTaH)Udx/2

GJk UT(afTa')Udx/2
Jo

which may be written as

V(t)e=

(26)

(27)

Again, comparing Eq. (26) with Eq. (27), we obtain the ele-
ment stiffness matrix as

(M [M

K*= EJJa"Ta" dx + GJKa'Ta' dx (28)
Jo Jo

Furthermore, substituting Eq. (3) into Eq. (28), we get

Ke= EMa'o + oj25S + . . .)r(ag + ^a'{ -f . . .)dx
Jo

GJk(ab . .)T(ab

where

*o'=f
Ji

(29)

dx + GJ^ab dx (30)
o

dx + ^ dx (31)

The following formulas are used to calculate M0, M2, K0, and
K4:

dx

dx

AJ(/J) = E,
Jo

Kl(iJ)

dx +

dx +

dx

dx

(32)

(33)

(34)

(35)

where /, 7 = 1,2, 3, 4. Matrices M<f and Kg represent the static
inertia and stiffness of the thin-walled beam element with
contrained torsional vibration, while M2 and K% and higher-
order terms represent dynamic corrections.

Iterative Perturbation for Solving the
Nonlinear Eigenproblem

The eigenproblem for thin-walled beams with constrained
torsional vibration is as follows:

(K0 + X2AT4 + . . .) w = X(M0 + XA/2 + . . . ) « (36)

where X = o>2. Neglecting the higher-order terms, we arrive at

(37)

(38a)

(38b)

u = A(M0 -f XM2) "

Equation (37) can be rewritten as

KQu = X[M0 + X(M2 - K4)] u

or

KQu = X(M0 + AM)w , AM = X(M2 -

Equations (38) is a nonlinear eigenproblem. The method for
solving Eqs. (38) has been presented by Wittrick and
Williams,6 based on the Strum sequence search in every neigh-
borhood of interested frequencies. However, it is difficult to
search a cluster of natural frequencies. In order to avoid the
difficulties of clustered frequencies, an iterative perturbation

H

B
Fig. 2 The cross section of a channel beam.



MAY 1990 DYNAMIC FINITE-ELEMENT METHOD OF THIN-WALLED BEAMS 913

Table 1 Comparison of eigenvalues of a simply supported beam with constrained torisional vibration

10 elements
Modal
number

1

2

3

4

5

Exact
solution

G.137116^ + 6

0.5645 \9E + 6

0.133037£ + 7

0.251495£ + 7

0.423064^ + 7

SFEM
error, %

0.137270£ + 6
(1.1169E-1)
0.567104£ + 6
(4.5786£-l)
0.134453£ + 7

(1.0678)
0.256495£ + 7

(1.988)
0.43693£ + 7

(3.2774)

DFEM
error, %

0.137116£ + 6
(0)

0.564524£ + 6
(9.317£-4)

0.133044£ + 7
(4.735E-3)

0.251537^ + 7
(1.66126^-2)

0.423267^ + 7
(4.779E-2)

6 elements
SFEM

error, %

0.138005£ + 6
(0.648356)

0.579400E + 6
(2.636)

0.141089E + 7
(6.0592)

0.278887E + 7
(10.8917)

0.490321^ + 7
(15.8976)

DFEM
error, %

0.137118E + 6
(0.14586£-2)
0.564607£+6

(0.01588)

0.1331728E + 7
(0.1020766)

0.252837£ + 7
(0.5336)

0.433979^ + 7
(2.57998)

scheme5 for solving the nonlinear eigenproblems, Eqs. (38),
can be used. If AM is dropped, Eqs. (38) become

K0u = XM0 (39)

This is the same eigenproblem obtained in the static finite-ele-
ment method. Equations (38) can be referred to as the pertur-
bation equation of Eq. (39). Then the perturbed eigensolu-
tions are

X - = X, + AX/

u! = Ui + Aw/

(40)

(41)

where X/ and w/ are the eigensolutions of Eq. (39). The quanti-
ties AX/ and Aw/ can be easily computed by the matrix pertur-
bation,

AX/ = - X/w/rAMw/

Aw/ = Cisus
s= 1

(42)

(43)

In practical calculations, the iterative perturbation starts
with Eq. (39) in conjunction with the assumption that

wff =0.0, af i ) =\i 1 ) =

For/? = 1, 2, . . ., it follows that

> (M2 - #4) - "if > (M2 - K4

where i j*s, /', 5 = 1,2..., or

where 1=5, and

(44)

(45)

(46)

(47a)

(47b)

(48)

(49)

(50)

(51)

(52)

(53)

where 6 is the convergence tolerance desired. Usually the con-
vergence can be achieved after 4-5 iterations.

Numerical Example
Using the given formulas and the iterative perturbation,

numerical computations have been completed for the simply
supported channel beam shown in Fig. 2. The physical
parameters of this beam are: length L = 300 cm, H = 4.5 cm,
B - 2.75 cm, and T = 0.5 cm. The eigenvalues were calculated
and are listed in Table 1, in which the solutions of the static
finite-element method were found from Eq. (39), the solutions
of the dynamic finite-element method were obtained from
Eqs. (38), and the exact solutions are from Ref. 1. From Table
1, it can be seen that the dynamic finite-element method
(DFEM) gives excellent results and that the accuracy of the
static finite-element method (SFEM) is limited in the high-fre-
quency range. For example, after four iterations, the fre-
quency error is reduced to 0.53% from the original 10.891%
in the fourth mode of the six-element model. For the DFEM,
the error in the fourth mode frequency is 0.5336% for the
six-element model, which is much smaller than the 1.988%
error of the SFEM for the 10-element model. This indicates
that the DFEM has greater accuracy. For this specific exam-
ple, the accuracy of solutions obtained by the DFEM for the
six-element model is equivalent to that obtained by the SFEM
for the 10-element model. For this specific example, the CPU
time required to compute the first five frequencies and mode
shapes of the six-element model was 2.4 s using the SFEM.
Taking the solution of SFEM as the starting value, it took
another 2.9 s of iterative perturbation to arrive at the solution
for the DFEM. On the other hand, the CPU time is 8.5 s to
calculate the first five frequencies and mode shapes for the
10-element model using the SFEM. Therefore, similar accu-
racy is obtained using the DFEM as compared to the SFEM
with a concurrent savings of about 35% in CPU time. Experi-
ence shows that the more degrees of freedom in a structure,
the greater will be the saving in CPU time.

Conclusions
The dynamic finite-element method for a thin-walled beam

with constrained vibration has been presented and illustrated
by a numerical example of a simply supported channel beam.
Based on the numerical results, it is possible to draw the
following conclusions. First, because of the omission of the
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inertial effects, the eigenvalues obtained by the static finite-el-
ement method become highly unreliable in the high-frequency
range. Second, in the high-frequency range, the dynamic
finite-element method gives more accurate results. Finally, the
iterative perturbation scheme proves to be effective and eco-
nomical.
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